Directed transport in living cells relies on the action of motor proteins. These enzymes can transform chemical energy into mechanical work and move directionally along filamentous tracks. At the same time, these filaments serve as a substrate for the binding of proteins performing other functions, but that also obstruct the motors' motion. Motivated by the mobile cross-linker Ase1, we theoretically study a system of molecular motors in the presence of diffusible particles. Both the motors and the obstacles shuttle between the filament and its surrounding. Numerical simulations of this system show a segregation between motors and obstacles if the filament ends act as diffusion barriers for the obstacles. A phenomenological mean-field theory captures the essential effects observed in the simulations.
I. INTRODUCTION
One-dimensional driven diffusive gases have revealed a number of phenomena alien to (one-dimensional) equilibrium systems. In this context, the totally asymmetric exclusion process (TASEP) has played an important role [1] . The TASEP describes the motion of particles on a finite, one-dimensional lattice on which particles may hop onto the adjacent site in the direction towards a specific end provided the target site is unoccupied. Depending on the rates of influx and outflux of particles at the lattice ends, the model produces interesting phenomena such as boundary-induced phase transitions [2] [3] [4] .
The TASEP has become a paradigmatic model not in the least part because it describes salient features of cellular transport processes that are also amenable to experimental tests [5] . Indeed, one frequently encounters one-dimensional transport processes in living cells, because there are a number of filamentous structures that function as tracks for other biological entities [6] . For example, RNA or DNA polymerases move along DNA. These molecules are enzymes that use one of the DNA strands as template to synthesize a complementary RNA or DNA molecule, respectively. Another rich source of quasi-one-dimensional transport phenomena is provided by the cytoskeleton [7] . This cellular structure is a network of filamentous proteins, notably actin filaments and microtubules, that takes an essential part in many vital processes. For example, the intracellular transport is organized by the microtubule network, as it provides a scaffold for the regulated distribution of cargos by molecular motors of the kinesin and dynein families. To this end, molecular motors transduce the chemical energy released during the hydrolysis of adenosine-tri-phosphate into mechanical work and move directionally towards one of the two structurally distinct ends of a microtubule.
Often motivated by cellular conditions, the TASEP has been extended in various ways. A particularly interesting variant includes Langmuir kinetics of the particles, that is, the random attachment and detachment of particles anywhere along the lattice [8] [9] [10] . These additional processes notably lead to the formation of stationary domain walls [10, 11] . Another main class of TASEP variants includes multiple particle species, with and without Langmuir kinetics (see, for example, Refs. [12] [13] [14] [15] [16] [17] [18] ), which exhibit a variety of cooperative phenomena like spontaneous symmetry breaking, pinned domains, localized shocks, and phase separation. More recently, dynamic lattices also have been considered to investigate the interplay between filament assembly and motor dynamics [19] [20] [21] [22] [23] [24] [25] [26] .
In addition to molecular motors, there are numerous other proteins that bind along microtubules. These proteins generally hamper the directional motion of motor proteins. Motivated by the highly mobile passive cross-linker Ase1 that functions in the fission yeast Schizosaccharomyces pombe as a microtubule cross-linker during cell division [27] [28] [29] , we study the dynamics of molecular motors and diffusing proteins coexisting on a microtubule of fixed length. Motors and diffusing proteins shuttle between the microtubule and the environment. The filament ends act as diffusive barriers for the proteins [30] . For cross-linked microtubules, Ase1 has been argued to function as an adaptive break, which might play a role in overlap stabilization [30] . Using stochastic simulations, we show that depending on the concentration of molecular motors, the motors and diffusing proteins segregate due to steric interactions. We then present a mean-field analysis accounting in a heuristic way for two-point correlations. Finally, we discuss possible implications of our results for biological processes.
II. DRIVEN LATTICE GAS MODEL FOR MOLECULAR MOTORS AND DIFFUSIBLE BARRIERS ON A POLAR FILAMENT
Consider an isolated microtubule of fixed length exposed to a reservoir of molecular motors and of other microtubulebinding proteins. Bound to the microtubule, the former move towards one of the microtubule's end, denoted as the plus end, whereas the latter diffuse rapidly without preferred direction. We describe the filament as a linear assembly of N lattice sites. The plus end corresponds to site i = N , the opposite or minus end to site i = 1. A lattice site can be empty, or it can be occupied by either an active particle representing a molecular motor or by a passive particle representing a microtubulebinding protein; see 
1.

A. Stochastic simulations
We performed stochastic simulations of the model using the Gillespie algorithm. Parameters were taken from in vitro experiments on the kinesin motor Eg5 and the cross-linker Ase1. Explicitly, the hopping parameters were γ = 20 s [30] [31] [32] . As a consequence, the passive particles are much more motile than the active particles and also stay orders of magnitude longer on the filament. We fixed the number of sites to N = 500 corresponding to a microtubule length of 4 μm. The values of the attachment rates ω a a and ω p a depend on the corresponding molecule concentrations in the buffer surrounding a microtubule. In the following, we will scale all rates by the hopping rate γ of the active particles.
Fixing the attachment rate ω a a of active particles such that on average every 20th lattice site is occupied, and for a comparable number of passive particles, the average density profiles are essentially flat. As the attachment rate of active particles is increased, the average steady state density of passive particles monotonically increases towards the filament's plus end; see Fig. 2 (a). Increasing the attachment rate even further, a well-defined boundary between a region of a low and a region of a high passive particle density forms; see Fig. 2 
(b).
This behavior is reminiscent of the domain wall forming in the TASEP plus Langmuir kinetics with constant entry and exit rates at the lattice ends [10] . In addition, the passive and the active particles segregate in this state as can be seen from the steady state densities shown in Figs. 
2(c) and 2(d).
To study the relative contribution of passive and active particles to the segregation, we considered the case of small (2), (3), (6) , and (9) with values of the fit parameter α = 0.17 ± 0.05 (c), α = 0.11 ± 0.05 (d).
active particle attachment rate ω a a = 10 −4 ; see Figs. 3(a) and 3(b). As can be seen even at about half filling of the lattice by passive particles, the particle densities remain essentially homogeneous and no segregation occurs. In contrast, for ω a a = 10 −2 , the passive particles are almost completely shifted toward the plus end (see Fig. 3 ), and increasing ω only leads to an expansion of the passive particle high-density region towards the minus end.
With varying filament length N , the extension of regions of high-and low-density scale proportionally to the lattice length; compare Fig. 4 .
In view of the possibility to experimentally realize the above system, we have focused so far on parameter values that have been obtained from in vitro measurements on microtubules, Eg5, and Ase1. Further insight into the mechanism of particle segregation can be obtained by deviating from these parameter values and by qualitatively changing the model. First, we changed the boundary conditions on active and passive particles. If the filament ends do not present a diffusion boundary for the passive particles, segregation is not observed; see observed if the lattice ends act as mobility barriers for active particles only. If the filament ends act as a motility barrier for both, active and passive particles, segregation is possible; see Fig. 5(b) . In contrast to the properties of the filament ends, the relative hopping rates of active and passive particles do not change the system behavior qualitatively. If the hopping rate of active particles is much larger than their attachment and detachment rates, then a well-defined domain of active particles forms adjacent to the domain of passive particles and segregation is almost perfect; see Fig. 5(c) . Also, if the mobility of passive particles is reduced compared to the values in Figs. 2(b) and 2(d) segregation is still observed although less strongly than before; see Fig. 5(d) . As in the previous cases the domain of passive particles always extends from the plus end, that is, this domain always forms in front of the active particle domain.
B. Quantification of segregation
We may quantify the segregation of active and passive particles, by defining the segregation number S as
where ρ In Fig. 6 we present the segregation number S as a function of the active particles' attachment rate ω a a for three different values of the passive particles' attachment rate ω p a . Consistent with the kymographs in Fig. 2 , the segregation number S initially increases with the attachment rate of active particles. Eventually, however, the segregation number decreases and tends to zero for ω a a → ∞. The dependence of S on the attachment rate ω a a can be understood qualitatively (we assume again parameter values as for Eg5 and Ase1): In the absence of active particles, the passive particles are obviously homogeneously distributed along the lattice, that is, S = 0. Similarly, due to the short residence time of active particles on the lattice, their distribution is essentially homogeneous in the absence of passive particles. In the case of a small density of passive particles, interactions between the two kinds of particles are scarce, implying essentially uniform particle densities and thus again S ≈ 0. As the attachment rate of active particles increases, an effective current of passive particles towards the plus end is generated by two effects. First, with increasing density of active particles it becomes more likely that a site that was emptied by hopping of a passive particle is occupied by an active particle hopping from the left neighboring site. This effectively creates a ratchet for the hopping of passive particles. Second, again due to hopping, active particles preferentially free the right neighboring site of a passive particle. As the number of active particles is increased beyond a certain value, directional hopping of active particles becomes less likely, and consequently the net current of passive particles in the direction of the plus end decreases, which then leads to a drop of the segregation number S.
The arguments of the preceding paragraph suggest that the maximum segregation number S max should be attained for the attachment rate of active particles for which the current becomes maximal. A simple mean-field argument where two-point correlations are replaced by products of average particle numbers gives the expression ρ a (1 − ρ a − ρ p ) for the average active particle current, where ρ a and ρ p denote the spatially and temporally averaged densities of active and passive particles, respectively. Their steady state values are
As shown in Fig. 6 , though, this estimate quantitatively fails as the active particle attachment rate for maximal segregation are about an order of magnitude off the values from the simulation. Furthermore, the trend that the position of the maximum shifts to smaller active particle attachment rates as the passive particle's attachment rate is increased is not captured by this estimate.
We will now present a more detailed analysis of the passiveparticle current induced by the active particles.
III. INDUCED PASSIVE-PARTICLE CURRENT
The occupation numbers n a i and n p i of active and passive particles, respectively, are stochastic variables and the time evolution of the associated probability distribution P ({n 
for i = 1, . . . ,N. In these expressions, the first and second terms account for attachment of particles to empty sites and detachment of particles from the lattice, respectively.
Furthermore, j a i and j p i are the respective active and passive particle currents that are given explicitly by . Numerical solution of the ensuing equations, though, results in essentially flat density profiles for the active and passive particles and thus fails to describe particle segregation. Similarly, the standard mean-field theory also fails to describe the behavior of a multispecies variant of the TASEP [17] as well as a TASEP including attractive particle interactions [33, 34] .
The origin of the failure of the mean-field approximation can be identified when considering the case of a homogeneous distribution of active particles. As mentioned before, for the parameters used above, active particles only do a few hops before detaching from the lattice, so their density is indeed essentially homogeneous in the absence of passive particles. Following the reasoning above, though, even for a homogeneous distribution of active particles, there should be a net current of passive particles towards the plus end. Yet, the mean-field passive particle current is in this case j
, whereρ a is the density of active particles. The current is thus a diffusion current and unable to spontaneously generate a net particle flux. The situation is different if the residence time of active particles is sufficiently high such that active particles accumulate towards the plus end. Then the standard mean-field approximation captures particle segregation. This is obvious in the case when the passive particles spend only a comparatively short time on the filament, because then passive particles will dominantly bind in the vicinity of the minus end, where the density of active particles is small.
Let us return to the case of interest corresponding to the situation for Eg5 and Ase1. Above we argued that the passive particle flux is induced by the asymmetric hopping of the active particles. We thus write for the passive particle current
where α is a parameter. Its meaning becomes apparent in the case of a homogeneous distribution of active particles. In that case j
]. The first term is the familiar diffusion part, whereas the term proportional to α gives the convective current induced by the active particles. The above expression for the passive particle current is obtained from Eq. (5) by approximating the mixed two-point correlations n
For consistency, the active particle current is now written as
The value of the parameter α depends on the strength of the correlations between active and passive particles. It is confined to the interval [0,1], but the precise value is not known a priori. Furthermore, from Eqs. (7) and (8), we see that it should in general depend on the site index i. However, we will use it as a fit parameter and show now that expressions (6) and (9) capture important aspects of particle segregation in the stochastic model. In Fig. 2 the solid lines present fits of solutions to the mean-field equations (2), (3), (6) , and (9) to the simulation data. As can be seen, the general trend is reproduced rather well, although the boundary between regions of high and low ratios of the active and passive particle densities are less sharp compared to the simulation data. The values of the fit parameter are between 0.1 to 0.3.
IV. CONCLUDING REMARKS
In this work we studied active and passive particles moving simultaneously on a polar filament. If the filament ends act as a diffusive barrier for the passive particles, then active and passive particles can segregate on the filament. For the parameters tested, the passive particles always accumulated towards the filament plus end. Consequently, the steric interaction between the passive and the active particles creates a current of passive particles towards the plus end. On an elementary level, this is due to a ratchet effect: a site that was emptied by hopping of a passive particle towards the plus end can be filled by hopping of an active particle towards the plus-end and the passive particle cannot hop back. This process breaks the symmetry between hops of passive particles towards the plus and the minus end.
As long as the filament does not present a mobility barrier on active particles, we expect the average density of passive particles to always increase towards the plus end. This is because the steric interaction with active particles generates a current towards the plus end as just discussed and because the density of active particles always decreases towards the plus end. It has to decrease, because the boundary condition at the plus end is equivalent to having an additional site N + 1 that is always empty. If the plus end presents a mobility boundary on the active particles, the density of passive particles can also decrease towards the plus end.
One might speculate about a possible physiological role of the segregation phenomenon. The cross-linker Ase1 connects antiparallel microtubules in the mitotic spindle [27, 29] . The spindle consists of microtubules that radiate out from two spindle foci and overlap in the space between. At some stage during cell division, the structure is in a steady state although microtubules continue to assemble and disassemble. Depending on the amount of Ase1 in the overlap region, motors that induce relative sliding between the microtubules need to overcome different degrees of effective friction between the microtubules [30] . The segregation phenomenon discussed in this work might provide a means for active regulation of the amount of Ase1 in the overlap by molecular motors.
The distribution of human PRC1, a homologue of Ase1, along single microtubules was found to increase at a microtubule end in the presence of a kinesin-4 motor protein [35] . Similarly to the behavior of our system, the size of the PRC1-rich domain scaled linearly with the microtubule length. However, the dynamics of PRC1 differs from the system we studied, as PRC1 binds to kinesin-4, which increases the motor's processivity. This increase in processivity is a necessary condition for domain formation. Since PRC1 is "carried" along the microtubule by kinesin-4 after binding, no segregation of PRC1 and kinesin-4 was observed. It remains to be seen whether accumulation of yeast Ase1 at microtubule ends [30] is due to direct motor transport as for PRC1 or due to the indirect mechanism studied in the present work.
